I. INTRODUCTION
T HE optimal power flow seeks to minimize a grid-related objective function subject to network equality constraints and operational inequality constraints (active and reactive power generation output limits, voltage constraints, and flow limits on transmission lines and transformers). The challenge of these problems is well recognized, due to the nonconvexity of power flow equations and the large dimension of practical problems. Approximation techniques are often used in practice, at the risk that the operational decisions produced may be sub-optimal, with greater operational cost and possible environmental impacts of unnecessary emissions and energy use. Therefore, efficient techniques for solving ACOPF with realistic, engineering-based representation of operational limits are important. Recent studies have suggested that a five percent improvement to ACOPF solutions could be a credible goal, with such improvements estimated to yield twenty billion dollars annual savings in the U.S. [1] In the ACOPF literature, the majority of authors have long used the polar-voltage formulations introduced in the early 1960s by Carpentier. However, a number of researchers have advocated a rectangular power-voltage and current injection formulation for power flow or optimal power flow. Other variants include a power flow formulation with current injections and a mix of polar and rectangular coordinates, as is mentioned in [2] . A current injection algorithm based on the use of a constant nodal admittance matrix was described in [3] , but acknowledged that the constant nodal admittance matrix imposed significant shortcomings because PV buses could not be represented.
More recent works employing current injection variables to construct the ACOPF problems include [4] , wherein it is argued that the resulting structure of the Hessian matrix for the constraint equations will ensure a convex constraint set. However, that work requires all buses in the power flow formulation to be PQ buses, which may provide a poor representation of the operational characteristic of generator buses. Other results in [5] developed a rectangular voltage OPF, but the power flow equations still require all PQ buses, and that paper did not use current quantities to impose the conservation constraints at nodes. A recent FERC report [6] suggests the rectangular current-voltage ACOPF formulation, and its linear approximation, could be easier to solve than traditional quadratic power flow formulations. A comparative analysis for different power flow formulations is presented in [7] , but that paper did not address the ACOPF problem.
This paper seeks to contribute to the existing optimal power flow literature by providing a structured, empirical comparison of three different ACOPF formulations, and evaluating the numerical solution properties of the formulations in terms of computational time, robustness of convergence and optimal solution using different nonlinear solvers. Also, we construct the ACOPF problems with PV buses enhanced with representation of generator capability curves, the so-called "D-curves," that constrain generator active and reactive output. The D-curve constraints provide more accurate generator output constraints 0885-8950 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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Voltage magnitude lower and upper limits at bus i ∈ N than simplistic rectangular PQ limits, and their impact on the OPF is examined in terms of solution speed and value of the optimal solution. This paper is organized as follows. Section II provides three different formulations for the ACOPF. Instead of using the nodal admittance matrix, we introduce variables for line power flows and use the summation of those quantities to calculate networkwide constraints. With this slight change, we obtain linear equations for node balance equations, which leads us to have constant Hessian matrices. Problems are formulated in GAMS and three solvers (KNITRO, CONOPT, IPOPTH) are examined based on empirical experience indicating that those are best suited for solving ACOPF problems. Section III proposes additional enhancements: six choices of initial conditions, and D-curve constraint modeling. Section IV discusses results from each formulation and examines properties in terms of computational time, robust convergence and optimal objective value. Observations regarding formulation, solver and initial condition are provided.
II. ACOPF FORMULATION

A. Notation and Nomenclature
In this section, we provide three different decision variable coordinate frames for the ACOPF, those of Polar Power-Voltage, Rectangular Power-Voltage, and Rectangular Current-Voltage. Tables I and II provide an overview of these different OPF formulations. Note that the convention used in our models is that a positive flow on a line represents a withdrawal at its source end (i) and an injection at its terminating end (j). Sets C and G i are used to account for multiple lines and generators respectively.
Note that the OPF literature contains several common choices for the physical quantity monitored in setting transmission line flow limits; the typical choices are apparent power, current magnitude, or active power. It has for many years been most common in OPF to represent thermal line limits in terms of a maximum allowable apparent power [1] . However, it is important to recognize that while this choice may be convenient (in that it uses quantities that normally appear in power flow equations), and may represent a reasonable approximation to the actual engineering limit, the most accurate representation of thermal limits on overhead transmission lines should be expressed in terms of current magnitude. Indeed, any review of both conductor vendors material and engineering literature affirms that thermal line limits are expressed in terms of ampacity; a widely-cited paper [8] states the engineering goal and the associated limit very succinctly: "Because adequate clearances must be maintained, even under emergency conditions, the conductor temperature at the end of a short-time overload period must be restricted to its maximum design value. It is then necessary to determine how much current a conductor can carry for a short period of time without exceeding this temperature." Hence, the premise of this paper is that current magnitude is the inherently superior choice as the monitored quantity for ACOPF, as it more realistically relates to the primary engineering concerns motivating imposition of thermal line limits [9] . We will also consider the use of active power as the monitored quantity for line limits, on the premise that while inferior to current magnitude, its use is worthwhile to allow comparison to results based on DCOPF approximations. However, contrary to common practice, apparent power will not be used as a monitored limit in this work.
B. Polar Power-Voltage Formulation
The Polar Power-Voltage formulation represents complex quantities in polar form and explicitly uses sines and cosines in the power flow constraints. P i , Q i , V i and θ i denote the active/reactive power support provided by generators and bus voltage magnitudes/angles at bus i ∈ N respectively, while active and reactive power on a line are denoted by F P ijc and F Q ijc respectively. The advantage of adding these flow variables will be discussed later. Polar Power-Voltage formulation for the ACOPF problem can be written with the following form:
The set of constraints are
2 are nonlinear nonconvex functions of variables, voltage angles and magnitudes. Variables for real and reactive power flow on lines ijc ∈ E are defined in (1)-(2), with node balance equations represented in (3)-(4) via variables F P ijc and F Q ijc . As a rough surrogate for stability constraints (and to pragmatically limit the search space in solution algorithms), limits on bus angle differences across transmission lines are imposed in (5), and (6)- (8) define bounds on the remaining variables. As discussed above, inequality constraints on the monitored line flow quantity are included to represent the thermal limits on the transmission lines. Here, inequality constraints on active power flow on lines are imposed in (9) .
C. Rectangular Power-Voltage Formulation
The second AC formulation uses the rectangular form of complex quantities, resulting in quadratic power flow constraints with respect to these quantities. Unlike the polar formulation, bus voltage quantities V i and θ i are separated into real and imaginary parts, with
) ∀i ∈ N . Rectangular Power-Voltage formulation for the ACOPF problem can then be written in the following form:
Equations (1)- (4) from the polar model which define real and reactive power on lines and node balance equations are rewritten in the rectangular formulation as (10)- (13) . Notice that f 3 , f 4 , g 3 , g 4 are quadratic nonconvex functions of variables, real and imaginary part of the bus voltage. Additionally, the voltage magnitude limit is no longer a simple bound constraint but is enforced by the quadratic inequality in (14) . Bus angle difference limits are no longer imposed; this sacrifices the (albeit approximate) treatment of stability concerns in the constraints, but in rectangular coordinates, the previous motivation of limiting the size of the search space is no longer relevant. Inequality constraints on real power flow on lines are imposed in (17).
D. Rectangular Current-Voltage Formulation
The third AC model is the rectangular current-voltage formulation which considers the flow of current instead of power on a line. Therefore, the model computes real and reactive current on a line, {I
the real and reactive power on a line. Similar to the rectangular power-voltage model, the I-V formulation uses the rectangular form of complex quantities. Therefore, line flow constraints are once again quadratic in nature. The Rectangular CurrentVoltage formulation for the ACOPF problem can be written in the following form:
Equations (18) 
III. ENHANCEMENTS TO THE ACOPF PROBLEMS
A. Initial Conditions
Because ACOPF problems are highly non-convex in nature, may have disconnected feasible regions, and are in general difficult to solve in large cases, providing good starting points is an important step in any solution approach. With different selection of initial conditions, problems vary in their computational time, convergence properties, and convergence to possibly different local optimal solutions. Table IV describes in detail six different choices of initial conditions for ACOPF problems that were studied here. With the exception of ic = 2 (Flat starting point), voltage magnitudes, angles, real power and reactive power variables are initialized according to methodologies described in Table IV , and line flow variables are calculated from these values.
The use of decoupled ACOPF [10] , (initial condition ic = 4), exploits the long-recognized property of the power flow Jacobian matrix: that under light-to-moderate loading conditions, the off-diagonal submatrix blocks are small, reflecting the fact that network flow of active power is relatively weakly dependent on bus voltage magnitudes, while reactive power flow is relatively weakly dependent on bus voltage phase angles. Thus, the ACOPF problem approximately decouples into two lower dimensional nonlinear subproblems (active and reactive). By solving the two subproblems (possibly with multiple iterations alternating between the two), one obtains one choice of initial condition for ACOPF problems. To solve the decoupled ACOPF to yield this initial condition, the same solver used by the fully coupled ACOPF problem is applied for consistency. For example, if KNITRO is used to examine ACOPF problem solutions, then the decoupled ACOPF problem which will be provided as an initial condition also uses KNITRO.
Notice that the system is lossless in DCOPF problems, which is not true in the ACOPF. Therefore, line losses are (very) approximately represented in the DCOPF (used for ic = 5) by means of increasing demands at each end of each transmission line, with half of a base-case loss value assigned to each side of the line. This was found to avoid overly "tight" initial conditions that resulted if the DCOPF completely neglected losses. This simple change proved to be effective, providing better starting points for the active power generation variable. 
B. Generator Capability Curve
In many ACOPF formulations, generator limits are represented by rectangle constraints on active and reactive power output. That is, independent maximum and minimum limits on active and reactive power output are used to model generators capabilities. However, more accurate, physically based limits yield generator capability curves in the P-Q plane that are more similar to a roman letter capital D, rather than the rectangle shape. Hence these are often termed "D-curves." Methods to represent generator's capabilities accurately in OPF can be found in [11] , [12] . The impact of reactive power limits is investigated for maximum loading and active/reactive OPF market model in [11] . The work in [12] employs detailed generator modeling including automatic voltage regulator and speed governor with generator capability curves in OPF, and establishes that the most accurate capability curves require dependence on generator voltage magnitude. Here, we first derive the voltageindependent D-curves, that can be identified from only typical power flow information. For cases where more detailed generator parameters are available, we demonstrate use of the more accurate voltage-dependent D-curve constraints.
r Voltage-independent generator capability curve (when only power flow data given) The D-curve consists of three limits, namely the armature current limit, field current limit and end region heating limit. Each of these limits are represented by a circle and the Dcurve is constructed by intersection region of these three circles. This section defines equations to model D-curves from given values, P max /P min and Q max /Q min . More detail regarding the construction of equations, and contents of this section can be found in [13] . An example of the capability curve for typical generators resulting from the procedure in this document is displayed in Fig. 1 .
1) Armature Current Limit:
This limit is defined using the rated MVA of the generator. The armature current limit is described by a circle with center at the origin and radius equal to the rated MVA of the generator. Lacking more detailed information, we define
as the R max , maximum radius of the circle. The constraint for the armature current limit is
where P and Q denote the active and reactive power outputs of the generator.
2) Field Current Limit: An equation for this limit in terms of generator parameters is derived in [14] . However, standard machine ratings are used to approximate this limit, with the goal of using only information available in a standard power flow data set. A circle has three degrees of freedom, two representing the location of the center P and one the radius r field . Therefore, a circle requires three pieces of information. By using the fact that the field current limit is a circle on the Q-axis [14] , P field 0 = 0 is obtained. We then suppose that maximum output of reactive power is located at zero active power output. This implies that the circle contains the point (0, Q max ). Lastly, we use the knowledge that the standard machine specifications use operation at rated power factor, which is an intersection point between the field current limit and the armature current limit. With assumption that a rated power factor is 0.80 lagging, a second point(0.8R max , 0.6R max ) on the circle is obtained. The parameters for the field current limit circle are then given by a solution to (29b) the resulting field current limit is
3) End Region Heating Limit:
The lower portion of the Dcurve is ascribed to heating of the end regions of the synchronous generator. Unlike the case of the field current limits, there is not a detailed derivation for these limits from the generator parameters [14] . Therefore, we use several assumptions to approximate these limits in similar manner as to the field current limits. Specifically, we assume 1) a circle with center P end 0 , Q end 0 and radius r end on the Q-axis (i.e., P end 0 = 0) describes the end region heating limit, 2) minimum output of reactive power is located at zero active power output, which indicates that the point 0, Q min is on this circle, and 3) this limit and the armature current limit intersect at 0.95 power factor leading. With these assumptions, we develop a similar argument to that used in the end region heating limit:
Solving ( The resulting end region heating limit is
In the ACOPF problem, equations (27), (30) and (33) replace (7), (16) and (24) r Voltage-dependent D-curve (when additional generator parameters available) In the previous section, the approximated D-curve constraints are derived in the P-Q plane with the assumption that only power flow data is available. However, more accurately, the D-curve constraints will depend also on performance thresholds from generator auxiliary equipment (such as step-up transformer). In this case, generator output is affected also by terminal voltage, and this terminal voltage is heavily influenced by step-up transformer [15] . A simple equivalent circuit of a synchronous generator that considers these effects is shown in Fig. 2(a) .
Let I denote stator current, E the constant emf behind a synchronous reactance X, and V the generator terminal voltage. The armature current limit and field current limit may then be expressed as
In practice, the generator voltage may typically vary within +5% of rated value, but may rise to 10% above rated value with step-up transformer due to voltage drop across the step-up transformer reactance described in Fig. 2(b) . This voltage drop has to be considered, and is represented by
An example of a voltage-dependent generator capability curve including step-up transformer is given in Fig. 3 . For this illustration, HV bus voltage is fixed with 1 pu and the step-up transformer ratio is constant during operation (no tap changer). Thus, when additional information (I max , E max , X, and stepup transformer) about generator is given, equations (34), (35), and (36) can be replaced with (27) and (30) to represent the voltage-dependent D-curve.
C. Limitation of the D-Curve
Ideally, one might seek to impose nonlinear generator D-curve constraints in ACOPF models at all generator buses. However, if one seeks to use the limited data typically available with power flow cases to estimate the D-curve limits, unrealistically small feasible regions will sometimes result. In particular, if the original data is such that the ratio of is too small, the estimated area within the D-curve is very small, and use of these constraints is not advised at generator locations where these problems occur. In these cases, the size of an initial rectangle constraint for active and reactive output limits is insufficient to characterize a realistic D-curve constraint. To identify generators whose given data is not suitable for imposing the D-curve constraint, work here used a heuristic test ≤ 0.1. Fig. 4 below summarizes when the D-curve constraint was imposed in the studies here. Fig. 4(a) shows the example of generator that is constrained to produce a fixed output. The end region heating limit is eliminated because of the nonphysical Q end 0 value. In Fig. 4(a) , since P max = P min and Q max = Q min , the rectangle constraint for this generator output limit is a fixed single point which locates outside of the D-curve constraint. If this case does occur, we use the original rectangle constraint instead of the D-curve constraint. On the other hand, Fig. 4(b) describes the generator that has reasonable ratio of 
A. Advantage of Adding Flow Variables
This section investigates the advantage of employing flow quantities as explicit decision variables, as opposed to computing flows from bus voltage variables and line parameters. In brief, the question is that of a tradeoff between larger number of variables that facilitate simpler computations in constraint equations, versus fewer variables but more complex computations in each constraint equation. Results are benchmarked against computational time in a standard ACOPF in the publicly available MATPOWER package [16] . The standard ACOPF, that uses voltage phasors as the key network variables, formulates the OPF problem with polar coordinates using the ad- mittance matrix (Ybus) to calculate the node power balance equations. For the test, since standard ACOPF uses polar coordinate, Polar Power-Voltage is used, and results are depicted in Fig. 5 .
There, the label "Ybus" denotes the standard ACOPF using the admittance matrix, while the label "SLP" denotes our formulation using the summation of line power (SLP) flows in the node balance equations. In these tests, the computational time for the large system (case2736sp) was reduced using the SLP formulation. This is consistent with the general rule of thumb in sparse computation techniques, that while elimination of variables may reduce the size of problem, it does not necessarily improve performance. We also have observed this phenomenon in other test cases with our other formulations (Rectangular Power-Voltage and Rectangular Current-Voltage)
B. Computational Time
Analysis of ACOPF formulations in terms of their computational time is displayed here for the 118-bus and 2736sp-bus cases only. While space limitation prohibits their display here, other test cases of similar size have been examined, and yielded quite similar outcomes in regard to computation time.
Computational (CPU) time for each formulation is shown in Figs. 6-11. In brief, "time" as displayed in the Figures refers to the measured CPU time, from generating initial conditions to production of an optimal solution, and is calculated as the average value. However, initial conditions (ic = 3, ic = 4, ic = 5) require nontrivial computation time in their generation, so a black line used to show CPU time from initial conditions to an optimal solution (i.e. upper part above black line is the time to generate initial conditions).
For instance, ic = 3 with solver IPOPTH in Fig. 6 (a) requires roughly 0.5 second to obtain an initial condition. Notice that the CPU time for each of initial conditions is displayed with a truncated maximum of 60 seconds in Figs. 9-11. Initial conditions among (ic = 3, ic = 4, ic = 5) which contain no black line in bars indicate it takes greater than 60 seconds even without considering the time to generate its initial condition.
Figs. 6-8 and 9-11 show CPU run time for the 118-bus case and 2736sp-bus case respectively. As expected, CPU time in (b) is slightly longer in almost all cases when modeling D-curve constraints. 1) In terms of formulation, cost of time to obtain an optimal solution for Rectangular Power-Voltage is slightly higher than any other ACOPF formulations. 2) With regard to solver, IPOPTH and KNITRO solvers show better performance for ACOPF problems than CONOPT in most cases. For these problems, we have found IPOPTH and KNITRO to be faster and more robust, especially compared to CONOPT, which takes quite a bit longer to converge. D-curve constraints make CONOPT struggle in finding an optimal solution for all initial conditions for the 2736sp-bus case. 3) On the aspect of initial conditions, without considering the time to generate initial conditions, most initial conditions are attractive except for the random, ic = 1. However, ic = 0,2 provide the fastest convergence for the ACOPF with/without the D-curve constraint irrespective of consideration of generating time for initial conditions.
C. Robustness of Convergence
This section compares feasibility of ACOPF problems for each formulation with different initial conditions. The ability of a given solver to locate a feasible point from given initial conditions is summarized in Table V. In the table, D − C indicates D-curve constraints, with the entries of O or X indicating feasible or infeasible, respectively. The solver employed is indicated in parentheses to the right of O or X entry. For example, O(ALL) means that it is feasible for all solvers, while O(IPOPTH) would indicate that it is only feasible when IPOPTH solver is used. All solvers are able to find a feasible point for all test cases when D-curve constraints are 
applied. Based on these results, none of ACOPF formulations are superior in their ability to yield feasible points, and all solvers display the ability to handle D-curve constraints.
D. Objective Value
In order to determine the impact of D-curve constraints on the final solution, we also examine the final objective value, as shown in Table VI . These values are provided by all solvers as they produce the same solution. As Table VI indicates, the optimal objective for the 2736sp-bus case is slightly higher.
This can be explained as the imposition of the D-curve constraint reduces the feasible region as shown in Fig. 1 , meaning that the standard solution using rectangular bound constraints does not lie within the more restricted D-curve area. In the 118-bus case however, the similar objective value indicate that the inclusion of D-curve constraints make no difference. This implies that the standard solution with rectangle generator output limits stays within the more restricted D-curve area, so that it obtains the essentially identical objective value. While the increase in objective values is modest, use of D-curve constraints as generator capability curves within ACOPF problems is shown to have some impact.
E. Observation
Summary observations about preferred formulation, solver and initial condition are made in Table VII . Polar Power-Voltage and Rectangular Current-Voltage formulation are preferred since they both provide fast convergence. The hope that one might see attractive behavior in solution time with Rectangular Current-Voltage, since equations of apparent current flow are linear has not been proven true in general. Solvers IPOPTH and KNITRO are preferred since they provide a good performance for ACOPF problems in terms of solution time. Decoupled ACOPF solution ic = 4 serves as a good initial condition when the time for generating an initial condition is ignored, though it has disadvantages: possibility of creating infeasibility and cost of the time to obtain a solution. Overall, simple initial conditions, ic = 0,2, show better performance than other initial conditions developed.
V. CONCLUSION/FUTURE DIRECTION
This paper has presented three different ACOPF formulations: Polar Power-Voltage, Rectangular Power-Voltage and Rectangular Current-Voltage. All formulation employ line flow quantities as explicit decision variables, and use summations of those variables to construct node balance equality constraints. With this construction, the familiar Y bus bus admittance matrix is not employed.
Six different methods of generating starting points to initialize ACOPF problems are described and studies. The generator capability curve ("D-curve constraints") are treated, including voltage dependent D-curves, to accurately characterize generator output limits. The resulting families of ACOPF problems are examined in three aspects: robustness of convergence, computational time, and achieved objective function value. Based on results, the Polar-PV and Rectangular-CV show the best performance in terms of computational time. For solution algorithms, IPOPTH and KNITRO proved the most attractive solvers, since these were typically faster and more robust in comparison to CONOPT. In regard to choice of initial conditions, ic = 0,2 showed the faster convergence for the ACOPF with or without the D-curve constraints, relative to other (seemingly more "innovative") initial condition choices. Moreover, experience here suggests that D-curve constraints have modest impact, with only small increases in computation time and optimal objective value.
Techniques to construct D-curve constraints contain several assumptions on available data regarding generator parameters, and their impact on the problem is demonstrated. Therefore, if one has more detailed generator descriptions available, these could yield more accurate D-curve constraints that could yield results slightly different from those here. The reader will also note that Rectangular Current-Voltage formulation, with its advantage of linear equations in many of its limit inequalities, yields computational speed comparable to those of Polar Power-Voltage.
